The topology of two-dimensional movement allows for existing of anyons -particles obeying statistics intermediate between that of bosons and fermions. In this article, the functional form of the occupation numbers of free anyons is suggested as a modification of the Gibbs factor in the Bose and Fermi statistics. The proposed expressions are studied in the bosonic and fermionic limits. The obtained virial coefficients coincide with those of free anyons up to the fourth and fifth virial coefficients (the proposed approach can be extended for higher ones as well) and up to the second order in the anyonic parameter. The effective excitation spectrum corresponding to anyons is calculated.
Introduction
The theoretical possibility of existence of what is called 'anyons' was made in 1977 [1] . In early 1980s, Wilczek proposed a model based on the (2+1)-dimensional electrodynamics and showed that an exchange of two particles leads to an arbitrary ('any') change of the wave function phase, so he proposed the term 'anyons' [2] .
The discovery of the fractional quantum Hall effect [3] provoked a search of quasi-particle theories, which are able to describe this phenomenon: Laughlin [4] , Halperin [5] , Arovas et al. [6] . Some experiments [7, 8] seem to confirm the existence of fractionally charged excitations and hence indirectly of anyons. Recently, exotic fractional Hall states with ν = 2+ 3 / 8 were modeled using non-Abelian anyons [9] . Besides, non-Abelian Fibonacci anyons are identified with the lowest energy charged excitation in the fractional quantum Hall plateau with ν = 12 / 5 [10] . Topological bubbles of Abelian anyons also can be observed in fractional quantum Hall effect [11] . As it can be seen, fractionally charged excitations are described in many other works, such as [12, 13] , etc.
Another place, where anyons play an important role, is high-T c superconductors [14] . A system which consists of a superconducting film on a semiconductor heterotransition gives us one more experimental observing of anyons [15] .
Also anyons can potentially be used in quantum computing. For example, Freedman et al. [16] proved that for certain types of nonAbelian anyons [17, 18, 19] braiding enables one to perform universal quantum computation [20, 21] .
Error control in quantum computing is an important task [22] and such problems are closely linked to studies of various fractional statistics types. For instance, effective models of Dirac fermions and their analogies in the anyonic statistics are analyzed in [23] . Paper [24] deals with the properties of q-and p, q-deformed oscillators.
So far, statistical mechanics cannot describe anyons completely. Because of statistical interactions between anyons even a non-interacting system is hard to be calculated. With the help of approximate approaches it is possible to find correspondences with fractional statistics types using the second virial coefficient [25] , but this method fails to catch the third one. So, the distribution function of anyons remains a puzzle.
This puzzle can be partially solved within a deformation of a usual statistics. Such an approach was made in several previous works, for example, the q-deformations of commutation relations between the creation and annihilation operators [26, 27, 28, 29] are frequently used.
Also anyonic effects can be taken into account by deformations of a distribution function of the system. Previously it was made by Polychronakos [30] , Haldane [31] and Wu [32] . These approaches introduce one parameter into the model and hence change the form of the distribution function. Also a deformation of the exponential in the Gibbs factor can be made using the Tsallis approach [33] and this gives a second statistical parameter. Such two-parametric models of fractional statistics were proposed to obtain an expression for the occupation numbers of free anyons [34, 35] . This approach ensures effective models for the occupation numbers of anyons exact up to the third virial coefficient. We will move further in this work considering bosonic and fermionic limits.
The paper is organized as follows. In Section 2, a modification of statistics is reviewed and general expressions for virial coefficients of anyon gas with appropriate relations for virial and cluster expansions are considered. The expansion for occupation number in fugacity is obtained. In Sections 3 and 4, respectively, the bosonic and fermionic limits are considered. Section 5 is devoted to the calculations of the excitation spectrum. A short discussion in Section 6 concludes the paper.
Modification of statistics
The aim of this Section is to modify expressions for occupation numbers in standard quantum statistics to make them mimic the anyonic system near the bosonic and fermionic ends. So, our idea is to consider the expression for occupation numbers
with γ = ±1 for Bose ('B', upper sign) and Fermi ('F', lower sign), respectively, and to replace the Gibbs exponential in (1) by the following function
where η ∼ α, θ ∼ α 2 with α ∈ [0; 1] being the anyonic parameter corresponding to the phase shift due to the permutation of particles |21 = e iπα |12 . Then the expression for the occupation numbers reads
We will find the unknown functions f 1 and f 2 from the correspondence between the virial coefficients of anyons and those of a system described by the proposed fractional statistics. Virial coefficients of the anyon gas are well-known. So, the second and third virial coefficients of an ideal anyon gas read [36] 
The fourth virial coefficient equals [37] :
To find virial coefficients of the gas with the distribution function given by Eq. (3) let us use the relation between virial coefficients and cluster integrals [38] 
We will consider a two-dimensional system of N free particles with mass m on the area A obeying distribution (3). Cluster integrals can be found from the following expansion in fugacity z [25]
where the sum runs over all the energy levels with degeneracies g j . On the other hand, it is possible to rewrite the above expression in the integral form using the density of states g(ε) = T mA 2π 2 = const:
where λ = 2π 2 mT is the de Broglie thermal wavelength, with n(ξ)
given by Eq. (3),
The bosonic and fermionic limits of the modified fractional statistics are provided by γ = +1 with the anyonic parameter α → 0 and γ = −1 with α = 1 − α , α → 0, respectively. Let us expand the expression for occupation numbers in fugacity:
where the upper sign is for the bosonic and the lower sign is for the fermionic end. By equating terms with identical fugacity powers in Eqs. (7) and (8) 
For the sake of simplicity, the functions f 1 ( ε j T ) and f 2 ( ε j T ) can be chosen as follows
where k j are unknown constants. Such a choice significantly facilitates analytical treatment of the considered problem.
Bosonic limit
Since we are interested in the anyonic behavior in the vicinity of the bosonic (α → 0) and fermionic (α = 1 − α → 0) ends, let us expand expressions (4) and (5) for anyonic virial coefficients in α or α , respectively. In the bosonic limit series up to α 2 are
Expanding to the same accuracy viral coefficients from Eq. (6) with cluster integrals given by Eq. (11) 
The above results reproducing the third and fourth virial coefficients yield the fifth virial coefficient shown in Fig. 3 compared to function (17). One can easily notice that, except for an immediate vicinity of α = 0, the anyonic and calculated b 5 have opposite dependences on α, just like it was observed in [34, 35] for the fourth virial coefficient.
It is possible to find such expressions for f 1,2 (ξ) demanding that expansions of virial coefficients b 2 through b 5 in α coincide with the anyonic results. In this case, max = 4 and we have a set of eight equations linear in α: b
The solutions are as follows: 
Fermionic limit
The fermionic limit corresponds to α = 1 − α → 0. Technically, the calculations are similar to those for the bosonic case. The expansions of the virial coefficients in α are as follows:
Then, to find constants k j one needs to equate coefficients near corresponding powers of α in expansions of anyonic virial coefficients and virial coefficients of the system under consideration.
At the fermionic end, obviously,
and in the second order 
Effective excitation spectrum
Instead of deforming the Gibbs factor in the expression for the occupation numbers it is possible to consider the deformed spectrum α . Indeed, comparing the following relations
we easily obtain the spectrum in the α 2 approximation:
Energy ε corresponds, e. g., to ε j = ωj for harmonically trapped anyons or to ε k = 2 k 2 /(2m) for free anyons. The correction to the spectrum is shown in Fig. 6 . Such an effective spectrum can be used to model anyons using expressions for occupation numbers within the ordinary Bose and Fermi statistics in the appropriate limits.
Discussion
We have made an attempt to define a functional form for the occupation numbers of free anyons. Previous models corresponded to exact results for the second and third virial coefficients with a difference only in the fourth virial coefficient leading to a small correction in the equation of state. The approach of the present work reproduces both the fourth and higher virial coefficients in the limits of the Bose and Fermi statistics by means of a deformation of the Gibbs factor in the standard Bose and Fermi distributions, respectively.
We further plan to juxtapose the obtained statistical-mechanical description and quantum-mechanical models based on modifications of commutation relations or special algebra for creation-annihilation operators. Extensions of the discussed approach for interaction anyons is also expected.
